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Abstract 

In this paper we study the Martin boundary of unbounded open sets at infinity for a large 
class of subordinate Brownian motions. We first prove that, for such subordinate Brownian 
motions, the uniform boundary Harnack principle at infinity holds for arbitrary unbounded 
open sets. Then we introduce the notion of K-fatness at infinity for open sets and show that the 
Martin boundary at infinity of any such open set consists of exactly one point and that point is 
a minimal Martin boundary point. 
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1 Introduction and main results 

The study of the boundary Harnack principle for non-local operators started in the late 1990's 
with [2j which proved that the boundary Harnack principle holds for the fractional Laplacian 
(or equivalently the rotationally invariant stable process) in bounded Lipschitz domains. This 
boundary Harnack principle was extended to arbitrary open sets in [22]. The final word in the 
case of the rotationally invariant a-stable process was given in [4] where the so called uniform 
boundary Harnack principle was proved in arbitrary open sets with a constant not depending 
on the set itself. Subsequently, the boundary Harnack principle was extended to more general 
symmetric Levy processes, more precisely to subordinate Brownian motions with ever more weaker 
assumptions on the Laplace exponents of the subordinators, see [ID] . [12], [13] and [9j. Recently 
in [5], a boundary Harnack principle was established in the setting of jump processes in metric 
measure spaces. 

Let us be more specific and state the (slightly stronger) assumptions under which the boundary 
Harnack principle was proved in [13]. Let S = (St)t>o be a subordinator (a nonnegative Levy 
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process with So = 0) with Laplace exponent cj> and W = (Wt,F x ) t>0 xeR d be a Brownian motion in 
Mr, d > 1, independent of S with 



E, 



e if(Wt-W ) 



The process X = (Xt, Wx)t>o,xeR d defined by Xt := W(St) is called a subordinate Brownian motion. 
It is a rotationally invariant Levy process in M rf with characteristic exponent </>(|£| 2 ) and infinites- 
imal generator — <j){— A). Here A denotes the Laplacian and cp(—A) is defined through functional 
calculus. 

The function is a Bernstein function having the representation 



0(A) = a + b\ + [ (1 - e~ xt ) fi(dt) 

J(0,o6) 



'(0,oo) 

where a, b > and // is the measure satisfying Jj Q ^(1 At) /i(di) < oo, called the Levy measure of 
(or if?) . Recall that eft is a complete Bernstein function if the measure \x has a completely monotone 
density. For basic facts about complete Bernstein functions, see [20J. 

Let us introduce the following upper and lower scaling conditions on <j> at infinity: 

(HI): There exist constants < 5\ < 62 < 1 and a%, a<i > such that 

a!\ 6l ct)(t) < <j>(\t) < a 2 \ S2 (j){t), \>l,t>l. (1.1) 

This is a condition on the asymptotic behavior of eft at infinity and it governs the behavior of the 
subordinator S for small time and small space (see |X3|, 115]). Note that it follows from the second 
inequality above that <p has no drift, i.e., 6 = 0. Suppose that is a complete Bernstein function 
with the killing term a = and that (HI) holds. The following boundary Harnack principle is 
proved in [13} Theorem 1.1]: There exists a constant c = c(<j),d) > such that for every z € 
every open set D C M. d , every r € (0, 1) and any nonnegative functions u, v on M. d which are regular 
harmonic in D n B(z, r) with respect to X and vanish in D c n B(z, r), 

U M< C -^1 x ,yeDnB( Z ,r/2). 
v[x) v(y) 

Here, and in the sequel, B(z, r) denotes the open ball in M. d centered at z with radius r. This result 
was obtained as a simple consequence of the following approximate factorization of nonnegative 
harmonic functions, see |131 Lemma 5.5]: There exists a constant c = c(<j),d) > 1 such that for 
every z € R d , every open set D C B(z,r) and any nonnegative function u on M. which is regular 
harmonic in D with respect to X and vanishes a.e. in D c n B(z,r), 

c-^td] I j(\y-z\)u(y)dy<u(x)<cK x [T D }[ j(\y - z\)u{y)dy (1.2) 

JB(z,r/2) c JB(z,r/2) c 

for every ifflfl B(z,r/2). Here j denotes the density of the Levy measure of X and td the first 
exit time of X from D. In the case of the rotationally invariant a-stable process, (|1.2[) is proved 
earlier in [3]. 



2 



Note that the boundary Harnack principle is a result about the decay of non-negative harmonic 
functions near the (finite) boundary points. It is an interesting problem to study the decay of non- 
negative harmonic functions at infinity (which may be regarded as a "boundary point at infinity" 
of unbounded sets). This is the main topic of the current paper. In order to study the behavior 
of harmonic functions at infinity, one needs large space and large time properties of the underlying 
process X. This requires a different type of assumptions than (HI) which gives only small space 
and small time properties of X. Therefore, in addition to (HI), we will assume the corresponding 
upper and lower scaling conditions of (j) near zero: 
(H2): There exist constants < 5% < 84 < 1 and 0,3, 04 > such that 

a 3 \ Si <l>(t) < (j){\t) < a A \ 53 (f){t), A<M<1. (1.3) 

This is a condition on the asymptotic behavior of (j) at zero and it governs the behavior of the 
subordinator S for large time and large space (see [15] for details and examples). 

In the recent preprint |15| we studied the potential theory of subordinate Brownian motions 
under the assumption that </> is a complete Bernstein function satisfying both conditions (HI) and 
(H2). We were able to extend many potential-theoretic results that were proved under (HI) (or 
similar assumptions on the small time and small space behavior) for radii r £ (0, 1) to the case of 
all r > (with a uniform constant not depending on r > 0). In particular, we proved a uniform 
boundary Harnack principle with explicit decay rate (in open sets satisfying the interior and the 
exterior ball conditions) which is valid for all r > 0. The current paper is a continuation of |15j 
and is based on the results of [IS] . 

For any open set D, we use X D to denote the subprocess of X killed upon exiting D. In case 
D is a Greenian open set in M. d we will use Gd(x, y) to denote the Green function of X D . For a 
Greenian open set D cR d , let 

K D (x,y):= / G D (x,z)j(\z -y\)dz, (x,y) G D xD° 
Jd 

be the Poisson kernel of X in D x D°. 

The first goal of this paper is to prove the following approximate factorization of regular har- 
monic functions vanishing at infinity. 

Theorem 1.1 Suppose that 4> is a complete Bernstein function satisfying (H1)-(H2) ; let d > 
2(82 V 64), and let X be a rotationally invariant Levy process in W 1 with characteristic exponent 
0(|£| 2 ). For every a > 1, there exists C\ = Ci(4>,a) > 1 such that for any r > 1, any open set 
U C -B(0, r) c and any nonnegative function u on M. d which is regular harmonic with respect to X 
in U and vanishes a.e. on B(0,r) c \ U, it holds that 

C^ l K v {x,G) I u{z)dz< u(x)<C 1 K u {x^) \ u{z)dz, (1.4) 

JB(0,ar) JB(0,ar) 

for allx € U nB(0,ar) c . 
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Note that Kjj(x, 0) = J v Gu(x, y)j(\y\) dy. A consequence of the assumption d > 2(82 V 64) (always 
true for d > 2) in Theorem 11.11 is that the process X is transient and points are polar. Under 
this assumption, the Green function G(x, y) of the process X exists, and by (|2.9|) below we have 
Gjj(x,y) < G{x,y) x \x — y\~ d cf)(\x — y| -2 ) -1 . This will be used several times in this paper. 

In the case of the rotationally invariant a-stable process, Theorem l 1 . 1 1 (for a = 2) was obtained in 
[17\ Corollary 3] from (jl.2p by using the inversion with respect to spheres and the Kelvin transform 
of harmonic functions for the stable process. Since the Kelvin transform method works only for 
stable processes we had to use a different approach to prove (jl.4jl . We followed the method used 
in [13] to prove (|1.2p . making necessary changes at each step. The main technical difficulty of the 
proof is the delicate upper estimate of the Poisson kernel K-g, r y(x, 0) of the complement of the 
ball given in Lemma 13.21 where the full power of the results from |15| was used. 

Theorem 11.11 gives the following scale invariant boundary Harnack inequality at infinity. 

Corollary 1.2 (Boundary Harnack Principle at Infinity) Suppose that(j) is a complete Bern- 
stein function satisfying (H1)-(H2), d > 2(82 V £4), and that X is a rotationally invariant Levy 
process in M. d with characteristic exponent ^(|£| 2 ). For each a > 1 there exists C2 = C2(4>,a) > 1 
such that for any r > 1, any open set U C B(0,r) c and any nonnegative functions u and v on M. d 
that are regular harmonic in U with respect to X and vanish a.e. on B(0,r) c \ U, it holds that 

Co 1 ^- <44 <C 2 ^TT, forallx,yeUnB(0,ar) c . (1.5) 

The boundary Harnack principle is the main tool in identifying the (minimal) Martin boundary 
(with respect to the process X) of an open set. Recall that for k G (0, 1/2], an open set D is said 
to be K-fat open at Q G dD, if there exists R > such that for each r G (0, R) there exists a point 
A r (Q) satisfying B(A r (Q), nr) C D n B(Q,r). If D is K-fat at each boundary point Q G dD with 
the same R > 0, D is called /t-fat with characteristics (R, k). In case X is a subordinate Brownian 
motion via a subordinator with a complete Bernstein Laplace exponent regularly varying at infinity 
with index in (0, 1), it is shown in |10j that the minimal Martin boundary of a bounded K-fat open 
set can be identified with the Euclidean boundary. 

Corollary 11.21 enables us to identify the Martin boundary and the minimal Martin boundary 
at infinity of a large class of open sets with respect to X. To be more precise, let us first define 
K-fatness at infinity. 

Definition 1.3 Let k G (0, 1/2]. We say that an open set D in M. d is K-fat at infinity if there exists 
R > such that for every r G [R, 00) there exists A r G M. d such that B(A r , Kr) Cflfl B(0, r) c and 
\A r \ < n~ l r. The pair (R, k) will be called the characteristics of the K-fat open set D at infinity. 

Note that all half-space-like open sets, all exterior open sets and all infinite cones are K-fat at 
infinity. Examples of disconnected open sets which are K-fat at infinity are 
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(i) {x = (xi, . . . , x d -i,x d ) G K d : x d < or x d > 1}; 

(ii) Un=l B ( xin) ' 2n ~ 2 ) with l x(n) l = 2 ™- 

Let D C M. d be an open set which is K-fat at infinity with characteristics (R,k). Fix xo € -D 
and define 

M D (x,y) := ^ D x,y x,yeD,y^x . 

As the process X D satisfies Hypothesis (B) in [16], D has a Martin boundary 3m D with respect 
to X and Md(x, •) is continuously extended to BmD. A point u> G 5a/ D is called an infinite 
Martin boundary point if every sequence (y n )n>i, Vn € -D> converging to w in the Martin topology 
is unbounded (in the Euclidean metric). The set of all infinite Martin boundary points will be 
denoted by d^D and we call this set the Martin boundary at infinity. 

By using the boundary Harnack principle at infinity we first show that if D is K-fat at infinity, 
then there exists the limit 

M D (x,oo)= lim M D (x,y). (1.6) 

y&D,\y\— Kxs 

The existence of this limit shows that df}D consists of a single point which we denote by doo. 
Finally, we prove that is a minimal Martin boundary point. These findings are summarized in 
the second main result of the paper. 

Theorem 1.4 Suppose that <p is a complete Bernstein function satisfying (H1)-(H2), d > 2(62 V 
£4), and X is a rotationally invariant Levy process inW 1 with characteristic exponent <p(\^\ 2 ). Then 
the Martin boundary at infinity with respect to X of any open set D which is K-fat at infinity consists 
of exactly one point 8^ . This point is a minimal Martin boundary point. 

We emphasize that this result is proved without any assumption on the finite boundary points. 
In particular, we do not assume that D is K-fat. 

To the best of our knowledge, the only case where the Martin boundary at infinity has been 
identified is the case of the rotationally invariant a-stable process, see [4j. Again, the Kelvin 
transform method was used to transfer results for finite boundary points to the infinite boundary 
point. As we have already pointed out, the Kelvin transform is not available for more general 
processes. 

We remark here that for one-dimensional Levy processes (satisfying much weaker assumptions 
than ours) it is proved in |21} Theorem 4] that the minimal Martin boundary at infinity for the 
half-line D = (0, 00) is one point. The question of the Martin boundary at infinity is not addressed 
in [21]. 

The paper is organized as follows. In the next section we introduce necessary notation and 
definitions, and recall some results that follow from (HI) and (H2) obtained in [15j . Section 3 is 
devoted to the proofs of Theorem 11.11 and Corollary 11.21 At the end of the section we collect some 
consequences of these two results. In the first part of Section 4 we study non-negative harmonic 
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functions in unbounded sets that are K-fat at infinity. The main technical result is the oscillation 
reduction in Lemma [4.71 immediately leading to (jl.6p . Next we look at the Martin and the minimal 
Martin boundary at infinity and give a proof of Theorem 11.41 We finish the paper by discussing 
the Martin boundary of the half-space. 

Throughout this paper, the constants C±, C%, C3,... will be fixed. The lowercase constants 
ci , C2 , . . . will denote generic constants whose exact values are not important and can change from 
one appearance to another. The dependence of the lower case constants on the dimension d and 
the function (ft may not be mentioned explicitly. The constant c that depends on the parameters 
5i and a,, i = 1,2,3,4, appearing in (HI) and (H2) will be simply denoted as c = c{4>). We will 
use ":=" to denote a definition, which is read as "is defined to be". For a, b € R, a A b := min{a, b} 
and a V b := max{a, b}. 

For any open set U, we denote by Su(x) the distance between x and the complement of U, i.e., 
5u(x) = dist(x, U c ). For functions / and g, the notation "/ x g" means that there exist constants 
C2 > c\ > such that c\g < f < c^g- For every function /, we extend its definition to the cemetery 
point d by setting f(d) = 0. For every function /, let / + := / V 0. We will use dx to denote the 
Lebesgue measure in M rf and, for a Borel set A C M. d , we also use \A\ to denote its Lebesgue measure. 
We denote B(0,r) c := {y G M. d : \x — y\ > r}. Finally, for a point x = (xi, . . . ,Xd-i,Xd) € K d we 
sometimes write x = (x, xj) with x = (xi, . . . , x^-xj € 

2 Preliminaries 

In this section we recall some results from |15j . Recall that a function cj) : (0,oo) — > (0,oo) is a 
Bernstein function if it is C°° function on (0, 00) and (— l)™ --1 ^™) > for all n > 1. It is well 
known that, if <ft is a Bernstein function, then 



Note that with this lemma, we can replace expressions of the type 4>{\t), when is a Bernstein 
function, with A > fixed and t > arbitrary, with (j){t) up to a multiplicative constant depending 
on A. We will often do this without explicitly mentioning it. 

Recall that a subordinator S = {St)t>o is simply a nonnegative Levy process with Sq = 0. Let 
S = (St)t>o be a subordinator with Laplace exponent <fi. The function is a Bernstein function 
with 0(0) = so it has the representation 



<KAt) < A<£(t) 



for all A > l,t > 0. 



(2.1) 



Clearly (12. ID implies the following observation. 



Lemma 2.1 If (ft is a Bernstein function, then every A > 0, 

1 A A < < 1 V A , for edit >0. 





(0,00) 




G 



where b > is the drift and /i the Levy measure of S. 

A Bernstein function is a complete Bernstein function if its Levy measure fi has a completely 
monotone density, which will be denoted by fJ,(t). Throughout this paper we assume that is 
a complete Bernstein function. In this case, the potential measure U of S admits a completely 
monotone density u(t) (cf. [20]). 

Conditions (H1)-(H2) imply that 

c - <^Vr<c - , 0<r<R<oo. (2.2) 



r J 4>\ r ) \ r J 

(See [15] for details.) Using (|2.2p . we have the following result which will be used many times later 
in the paper. (See the proof of [131 Lemma 4.1] for similar computations.) 

Lemma 2.2 ([15]) Assume (HI) and (H2). There exists a constant c = c((f>) > 1 such that 

(r" 2 ) 1 / 2 dr < cA~V(A 2 ) 1/2 , for all A > , (2.3) 



o 



-i 



A 2 / r(t){r~ 2 ) dr + r~V(r~ 2 ) dr < cc/>(A 2 ) , for all X >0 , (2.4) 



A- 1 



A" 



c~V(A 2 ) -1 < / r _ V(T- _2 ) _1 dr < c^(A 2 ) _1 , for all X > . (2.5) 



Recall that 5 = (St)t>o is a subordinator with Laplace exponent 0. Let = (Wt)t>Q be a 
d-dimensional Brownian motion, d > 1, independent of S and with transition density 

q(it, x, y) = (4vrt)~ ci/2 e _ ^^ , x, y G M d , t > . 

The process X = (Xt)t>o defined by Xf := W(St) is called a subordinate Brownian motion. AT is a 
rotationally invariant Levy process with characteristic exponent 0(|£| 2 ), £ G R '. Throughout this 
paper AC is always such a subordinate Brownian motion. The Levy measure of X has a density 
J(x) = j{\x\) where j : (0, oo) — > (0, oo) is given by 

POO 

j(r):= / (4irt)- d / 2 e- r ' 2 ^ u ^(t)dt. 



Note that j is continuous and decreasing. Recall that the infinitesimal generator C of the process 
X (e.g. [19j Theorem 31.5]) is given by 



Cf(x) = / (/(x + y) - f{x) - y ■ Vf(x)l M < e} ) J(y)dy (2.6) 

for every e > and / G C£(M. d ), where C£(M. d ) is the collection of C 2 functions which, along with 
its partial derivatives of up to order 2, are bounded. 
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By the Chung-Fuchs criterion the process X is transient if and only if 

'1 \d/2-i 



dX < co . 



o 0(A) 

It follows that X is always transient when d > 3. In case (H2) holds, X is transient provided 
64 < d/2 (which is true if d > 2). When X is transient the occupation measure of X admits a density 
G(x,y) which is called the Green function of X and is given by the formula G(x,y) = g(\x — y\) 
where 

roo 

g(r):= {A-Kt)- d l 2 e~ r2/{At) u{t)dt. (2.7) 



J 

Here u is the potential density of the subordinator S. Note that by the transience assumption, the 
integral converges. Moreover, g is continuous and decreasing. Furthermore, (H1)-(H2) imply the 
following estimates. 

Theorem 2.3 ([15J) Assume both (HI) and (H2). 

(a) It holds that 

j(r) x r- d (f)(r~ 2 ) , for all r > . (2.8) 

(b) If d > 2(82 V £4) then the process X is transient and it holds 

g(r) x r^cpir^y 1 , for all r > . (2.9) 

As a consequence of (I2.8j) . we have 

Corollary 2.4 Assume (HI) and (H2). For every L > 1, there exists a constant c = c{L) > 
such that 

j(r)<cj{Lr), r>0. (2.10) 

For any open set D, we use td to denote the first exit time of D, i.e., rrj = inf{t > : Xt ^ D}. 
Given an open set D C M d , we define XP(uj) = X t {oj) if t < T£>(u;) and XP(uj) = d if t > td(oj), 
where d is a cemetery state. 

Let p(t,x,y) be the transition density of X. By the strong Markov property, 

p D (t,x,y) := p(t,x,y) - E x [p(t - t d , X td , y) ; t > t d ] , x,y € D , 

is the transition density of X D . A subset I? of R d is said to be Greenian (for X) if J 5 is transient. 
For a Greenian set D C let Go(i, y) denote the Green function of X 15 , i.e., 

/>oo 

G D (x,y) := / p D (t,x,y)dt for x,y e D. 
Jo 

We define the Poisson kernel Kd(x, z) of D with respect to X by 

K D (x,z)= [_ G D (x,y)J(y,z)dy, (x,z)eDxD c . (2.11) 
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Then by Theorem 1] we get that for every Greenian open subset D, every nonnegative Borel 
measurable function / > and x G D, 

E x [f(X TD ); X TD _ + X TD ] = [_ K D (x,y)f(y)dy. (2.12) 

Jd c 

Using the continuities of Gd and J, one can easily check that is continuous on D x D° . 

Equations (|2.8p and (I2.1ip give the following estimates on the Poisson kernel of B(xo,r) for all 
r > 0. 

Proposition 2.5 ([15J) Assume (HI) and (H2). There exist c\ = c\{4>) > and C2 = C2(4>) > 
such that for every r > and xq € W 1 , 

K B{x(hr) (x,y) < c x j{\y- XQ \-r){^r- 2 )(t>{{r-\x-x Q \)- 2 )y 112 (2.13) 
< cudy-xol-r)^- 2 )- 1 (2.14) 

C 

/or oZZ (x,y) £ B(xo,r) x S(xo, , r) and 

K B(x ,r){xQ,y) > c 2 j(\y -x o |)0(r _2 ) _1 , for all y e B(x ,rf . (2.15) 

To discuss the Harnack inequality and the boundary Harnack principle, we first recall the 
definition of harmonic functions. 

Definition 2.6 ^4 function f : R d — > [0, oo) is said to 6e 

('Jj harmonic in an open set D cM. d with respect to X if for every open set B whose closure is a 
compact subset of D, 

f(x) = E x [f{X(T B ))\ for every x G B; (2.16) 

(2) regular harmonic in D for X if for each x G D, f(x) = E x [/(X(td)); tjj < oo]; 

(2) harmonic for X D if it is harmonic for X in D and vanishes outside D. 

We note that, by the strong Markov property of X, every regular harmonic function is automatically 
harmonic. 

Under the assumptions (HI) and (H2), the following uniform Harnack inequality and uniform 
boundary Harnack principle for all r > are true. 

Theorem 2.7 ( [15J ) Assume (HI) and (H2). There exists c = c{(p) > such that, for any 
r > 0, xq G M. d , and any function u which is nonnegative on M rf and harmonic with respect to X in 
B(xq, r), we have 

u(x) < cu(y), for all x,y G B(xo,r /2). 
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Theorem 2.8 ([15J) Assume (HI) and (H2). There exists a constant c = c(4>) > such that for 
every zq G M. d , every open set D C M. d , every r > and any nonnegative functions u, v in M. d which 
are regular harmonic in D n B(z ,r) with respect to X and vanish in D c n B(z ,r), we have 

44 < c 44' f° r allx,yeDn B(z , r/2). 
v(x) v{y) 

For x G R rf , let Sq£>(x) denote the Euclidean distance between x and 9D. Recall that 5e> (x) is 
the Euclidean distance between x and D c . 

We say that an open set D satisfies both the uniform interior ball condition and the uniform 
exterior ball condition with radius R for every x G D radius R if for every x G D with 5qd{x) < i? 
and f/Gl^D with 8qd{v) < R, there are 2 y G 91) so that \x — z x \ = Sqd(x), \y — z y \ = 5qd{u) 
and that B(xo,R) C D and B(yo,R) C M. d \ D, where xo = z x + — z x )/\x — z x \ and yo = 
z y + R(y - z y )/\y - z y \. 

The following is the one of main results in [15) - the global uniform boundary Harnack principle 
with explicit decay rate on open sets in M. d with the interior and exterior ball conditions with radius 
R for all R > 0. 

Theorem 2.9 ( [15J ) Assume (HI) and (H2). There exists c = c(4>) > such that for every 
open set D satisfying the interior and exterior ball conditions with radius R > 0, r G (0,R], every 
Q G dD and every nonnegative function u in M. d which is harmonic in D n B(Q,r) with respect to 
X and vanishes continuously on D c D B(Q,r), we have 



44 Wir^ for every x,yeDnB(Q, r -). (2.17) 

u{y) V 0( 6 d(x) 2 ) 2 
3 Boundary Harnack principle at infinity 

The goal of this section is to prove the scale invariant boundary Harnack principle at infinity 
(Theorem 11.11 and Corollary II. 2p . In the remainder of this paper we assume that is a complete 
Bernstein function satisfying (H1)-(H2) and d > 2(^2 V^), and that X is a rotationally invariant 
Levy process in M with characteristic exponent 0(|£| 2 )- Under these assumptions, by (|2,9p . g 
satisfies the following property which we will use frequently: For every L > 1, there exists c = 
c(L, (/)) > such that 

g(r) < cg(Lr) , r > 0. (3.1) 

To prove Theorem ll.il we need several lemmas. For x G M. d and < n < r^-, we use A(x, r±,r2) 
to denote the annulus {y G M. d : n < \y — x\ < r2}. 

Lemma 3.1 For every a G (l,oo), there exists c = c((p,a) > such that for any r > and any 
open set D C B(0,r) c we have 

F X (X TD eB(0,r)) < cr d K D (x,0) , iGflfl B(0, ar) c . 
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Proof. Let V> G C~(M d ) be a function such that < ip < 1, 



V>(y) 



0, |y|>^ 



2 ' 



and sup yeRd Ei,j=i 
C c °°(]R d ), < 1p r < 1, 



l, |y|<l, 

' V'(y) < cx = ci{a). For r > define Vv(y) : = ip(y/r). Then ^ € 



and sup^gKd 



dy l dy. 



< C\T~ 



0, \y\>^r, 

1, |y|<r, 



Let x E D D B(0,ar) c . Recall that C denotes the infinitesimal generator of X and is given by 
(|2,6p . Since ip r {x) = and D C -B(0, r) c , by Dynkin's formula (see, for instance, [6j (5.8)]) we have 

E x [if> r (X TD )]= G D (x,z)Cip r (z)dz 
Jd 

= / Gd (x, z)jCip r (z) dz + / Gd(x, z)Cipr(z) dz. (3-2) 

JDnA(0,r,(a+2)r) ionB(0,(a+2)r) c 

For zeDfl A(0, r, (a + 2)r) we have 



\CA(z)\ 



(ip r (z + y)- A(z) - VVv(z) • yl{\ y \<r}) o(\y\) dy 



< I \Mz + y)-A(z)-VMz)-y\j{\y\)dy + 2 j(\y\)dy 

!{\y\<r} J{r<\y\} 



r •'{|vl<r} 



|y| 2 j(|y|)dy + 2 / j(|y|)dy 

J{r<|y|} 



< c 3 (r~ 2 y tcj)(t- 2 )dt + J t- L (j)(t- 2 )dtj , 

where in the last line we have used (|2.8|) , Thus by using (|2,4|) . we get |£0 r (z)| < C40(r~ 2 ). By 
Lemma |2. II we see that (j){r~ 2 ) and 0((a + 2)~ 2 r~ 2 ) are comparable (with a constant depending on 
(6 and a). Therefore 



\£Mz)\ < c A <t>(\z\- 2 ) < c 5 \z\ d j(\z\) < c 6 r d j(\z\) , r < \z\ < (a + 2)r. 



(3.3) 



Now assume that z G D n -B(0, (a + 2)r) c . Then ^v(z) = and Vtp r (z) = (note that ?/v is 
zero in a neighborhood of z). Therefore 



Ctp r {z) = I (ip r (z + y) -ipr(z) -V4> r (z) ■ yl { \ yl < r} ) j{\y\)dy 



tpr(z + y)j(\y\)dy 



z+y\<^r 



A{z + y)j(\y\)dy 
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where the last equality follows from the fact that ip r (z + y) ^ only if \z + y\ < g ^-r. Suppose 
that \z + y\ < Q^r. By the triangle inequality, 

, . , a + 1 a + 1 1,, a + 3 \z\ 

\y\ > \z\ r > \z\ \z\ = —, -\z\ > — . 

m - 1 1 2 11 2 a + 2 1 1 2(a + 2)' 1 ~ 2 

It follows from (pTTO]) that j(\y\) <j(\z\/2) <c 7 j(\z\). This implies that 

CM*) < cri(kl) / < c 8 r d j(M) . (3.4) 

Combining ([3.2|) - ([3.4|) we obtain 

E x [ijj r (X TD )] = / G D (x,z)Cip r (z)dz + / _ Gr>(x,z)£ip r {z)dz 

J D(lA(0,r,(a+2)r) J DnB(0,(a+2)r) c 

< c 9 r d [ G D (x,z)j(\z\)dz = c 9 r d K D (x,0). 
Jd 



Finally, since l^y < ij} r , F X {X TD G 5(0, r)) < ~E X [i/> r (X Tj3 )] < c 9 r d K D (x, 0) . □ 

Lemma 3.2 Let 1 < p < q < oo. There exists c = c(cp,p,q) > 1 such that for all r > 1/4 it holds 
that 

K mr)c (x,z) < cr~ d (^(r- a )- 1 /^(( r - N)" 2 ) 1/2 + l) (3.5) 
/or all x G A(0,pr, qr) and z G 5(0, r). 

Proof. We rewrite the Poisson kernel Kg( r \ c as follows: 
K Mo , )B (x,z) = / Gz (0r)c (x,y)j(\y - z\)dy 



+ /_ )G B -< 9r y{x,y)j{\y - z\)dy 

A(0,r,2qr)n{\x-z\<2\x-y\} J A(0,r,2qr)D{\x-z\>2\x-y\} J B(0,2qr) c J 

= : h+h+h. 

Note that, since x G A(0,pr, qr) and z G 5(0, r), for y G A(0,r,2qr) with \x — z\ < 2\x — y\, we 
have 

\* ~ V\ > - \z\) > \(p - l)r > (4g)- 1 (p - l)<% (0r)c (y). (3.6) 
We claim that when y G ^4(0, r, 2gr) satisfies |cc — z\ < 2\x — y\, 

Gb ( oM x ^ ^ Cl W^3^W g{T) - c ^ (r_2rl/2 ^ ( W) c ^" 2 ) _1/2r " d ^ 

Since r \ c (x, y) < g(\x — y\), by (|2.9p and (|3.6p . we only need to prove the first inequality in 
(|3.7p for (a;,y) satisfying y G -4(0, r, (p + 7)r/8) and |x — z| < 2|x — y|. In this case, we have 

|x-y|>^-l)r>4% (0r)c (y). (3.8) 
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Let y\ := (8 1 (p — 1) + l)r\y\ l y. Then 

\yx -y\< %( ,r)=(y) v <%(o,r)c(yi) < gO - !) r < i\ x - v\- 

Thus by (13^1) 

3 3 

|# - 2/i | > |x - y\ - \y x - y\ > ~\x - y\ > -(p - l)r. (3.9) 

Because of (|3.8p . we can apply Theorem 12.91 and then use (|3.9p to get that for (x,y) satisfying 
y € ^4(0, r, (p + 7)r/8) and \x — z\ < 2\x — y\, 

n 6 B(o,rr(y) ) 1 8 nhww )' 

with constants q = Ci(4>,p,q) > 0, i = 3,4,5. In the last inequality we have used (|3.ip . Therefore 
using (12. 9p we have proved (13. 7ft . 

Applying (|3.7|) to Ii and using the fact that <%( 0r )c(y) < |y — z|, we get 

h < c 2 r-V(r- 2 )- 1/2 / 4>(\y - z\- 2 y ll2 j{\y - z\) dy . 

J A(0,r,2qr)n{\x-z\>2\x~y\} 

Since B(0, r) c C B(z,r — \z\) c , by (12. 8p . the integral above is less than or equal to 

<P(\y - z\- 2 )- 1/2 j(\y ~ A) dy < c 6 I" 0(t 2 / /2 dt < c 7 0((r - ^y 2 ) 1 ' 2 , 



B(z,r— \z\) c Ji — \z 



where in the last inequality we used ()2.5|) . Hence, I\ < C8(/>(r _2 ) _1 / 2 (/>((r — \z\)~ 2 ) l l 2 r~ d . 

To estimate I2 we first note that if 2\x — y\ < \x — z\, then \y — z\ > \x — z\ — \y — x\ > ^\x — z\ 
hence, by (|2.4p . j(\y — z\) < cgj(\x — z\) where eg = cg((/>) > 0. Thus, 



h < c 10 j(\x - z\) I g{\x-y\)dy < c n j(\x-z\) * rVfr 2 )" 1 dt 

l B (x,^) Jo 
2\-l s- „ i„ ^ „ „-d 



< c\2j{\x — z\)(j)(\x — z\ ) < ciz\x — z\ <c\\r 



In the penultimate inequality, we used (|2.5p . 

Finally, we deal with I3. For \y\ > 2(/r and |z| < r we have that \y — z\ > \y\ — \z\ > \y\ — r > 
(1 — l/(2q))\y\, hence by (|2.10p . we get j(\y — z\) < c\^j(\y\). Also, for \x\ < qr and \y\ > 2qr, we 
have that \y — x\ > \y\ — \x\ > \y\/2, hence g{\x — y\) < cieg(\y\) by (13.ip . Therefore, by Theorem 
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This concludes the proof of the lemma. 



□ 



It is easy to see that, by the strong Markov property, for all Greenian open sets U and D with 
U C D, G D (x,y) = Gu(x,y) + E x [G D (X TU ,y)] for every (x,y) € R d x R d . Thus, for all Greenian 
open sets U and D with U C D, 

K D (x,z) = K u (x,z)+E x [K D (X Tu ,z)], (x,z)eUxD c . (3.10) 

Since X is a purely discontinuous rotationally invariant Levy process, it follows from [181 Propo- 
sition 4.1] (see also [231 Theorem 1]) that if V is a Lipschitz open set and U C V, 

P X (X TU € dV) = and F X (X TU £ dz) = K v (x, z)dz on (3.11) 

Lemma 3.3 Let 1 < p < q < oo. There exists c = c(4>,p, q) > 1 such that for all r > 1/2 and a// 
open sete J7 C B(0,r) c it holds that 



Ku(x,y)<cr d \ \ Ku(z, y) dz + 1 ) , for all x £ A(0,pr,qr) DU, y £ B(0,r) . 

\JunB(0,i±^r) J 

(3.12) 



Proof. Let q\ = -j 2 , 02 = -5^ (so that 1 < gi < 02 < p) and s € [ojr, (&t\. Then, by (I3.10p and 
(|3.1ip . for x G -4.(0, pr, or) n t7 and y € 5(0, r) it holds that 

Ku(x,y) = E x ^K u (X Tun ^ s)c ,y)j+K Un - Bi0iS)c (x,y) 

= / K u (z,y)K Un - B{0)c (x,z)dz + K Un - B{0)c (x,y) 

JunB(o,s) y ' y ' 

< / 1 {\z\<s}Ku(.z,y)K^ (0s)c (x,z)dz + K ms)c (x,y). 

JUnB(0,Qor) 



Hence by Fubini's theorem, 

rqir 

(<72 - qi)rKu(x,y) = / Ku(x,y)ds 

Jqyr 

r I Mir \ /•<J2?' 

< / / -%fos) c ( x ' z ) ds K v {z,y)dz+ I Kg (Qs)c (x,y)ds =: h + h ■ 

JUnB{0,q 2 r) \J\z\ ^ ' ' J J qi r v ' ' 

For s G [qir,q2r] and z S 17 H 5(0, s), we have r < \z\ < s < q^r = -4rV < pr < \x\ < qr < 
(q/qi)s, so it follows from Lemmas 12.11 and 13.21 that 

K ms)c (x,z) < Cl ( S -d(0( S -2)-l/2 0((s _ k | ) -2 ) l/2 + l)+s -^ 

< C2(r- d (0((g 2 r)- 2 )- 1 /V((^- kl)" 2 ) 1/2 + l) +r~ d ) 

< c 3 r- rf (^(r- 2 r 1/2 ^-kl)- 2 ) 1/2 + l), 
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where c 2 = C2((f>,p,q) and C3 = cs(4>,p,q). Hence, 

/•q 2 r rgar-\x\ N 

J K ms)c (x,z)ds < C3r- d (0(r- 2 )-V2^ ^r 2 ) 1 / 2 dt + q 2 r) 

< c 4 r- d ^(r- 2 )- 1 / 2 (q 2 r - \z\)<t>((q 2 r - ^y 2 ) 1 ' 2 + r) , 

where the last inequality follows from (|2,3|) . Since t 1— > i^(i _2 ) 1//2 is increasing by (|2,1|) and 

q2f — \%\ < 92^1 we have that (q 2 r — \z\)(p((q 2 r — l^l) -2 ) 1 ^ 2 < q2r4>({q 2 r)~~ 2 ) 1 l 2 < c^r${r~ 2 ) x l 2 . 
Therefore, 

J ^ K^ (0s)c (x,z)ds < cer^^ir- 2 )- 1 / 2 ^- 2 ) 1 / 2 + rj < c 7 r~ d+1 . 

Further, for s G [qi r, q 2 r] and y G -B(0, r) we have |y| < r < gir < s, and so s — |y| > {q\ — l)r, and 
we get similarly as above (but easier) that 

rqir 

I 2 = I K^ s)c (x, y) ds < c 7 r- d+1 . 

Finally, 

Ku(x,y) = - L^(/ 1+ / 2 )<^l C8 r~ d ( / Ku(z,y)dz + l) , 

proving the lemma. □ 

Lemma 3.4 For every a > 1 there exists c = c((p, a) > 1 such that for all r > 1 and all open sets 
U C B(0, r) c it holds that 

-Ku(x,Q)l [ K u (y,z)dy + l) <Ku(x,z)<cKu(x,0)l [ K u {y,z)dy + l) 

c \JUnB(0,ar) J \JUnB(0,ar) J 

(3.13) 

for all x eU l~l B(0, ar) c and z G B(0, r). 

Proof. Fix two constant b 2 and 63 such that 1 > b 2 > 63 > 1/a. Let U\ := B(0,ar) c n f/, 
U 2 := 5(0, 6 2 ar) c n f7 and *7 3 := 5(0, 6 3 ar) c n 17. Then by lETTO]) . for sc G C/i and 2 G fl(0, r), 

Ku(x,z) = K x Ku(X TU2 ,z) +K U2 (x,z) 

= / Ku(y,z)F x (X T (£dy)+ K u (y,z)K U2 (x,y)dy + K U2 (x,z) 

Ju 3 \u 2 Ju\u 3 

= : h + h+h. 
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We first estimate I3 = Kjj 2 (x, z) = J v G\j 2 (x, y)j(\y— z\) dy. For y € U2 we have that |y| > &2ar, 
hence 

(1 - j—)\y\ ^ \y\ - \ z \ <\y-z\< \y\ + M < (i + T—)\y\ ■ 

o 2 a b 2 a 
Hence, by (|2.10p . there exists c\ = ci{(j>) > such that c^ 1 j ( ) < j(\y — z\) < c\j(\y\). Therefore, 



c^K U2 (x,0) = cr 1 / G U2 (x,y)j(\y\)dy< G U2 (x,y)j(\y - z\) dy (3.14) 
Ju 2 Ju 2 

= K U2 (x,z) < dK U2 (x,0) < Cl Ku(x,0). (3.15) 

In order to estimate I2 = fu\u 3 Ku(y, z)Kjj 2 {x,y) dy, we proceed similarly by estimating 
Ku 2 {x,y) = j U2 Gu 2 (x,w)j{\w — y\)dw for x £ U n B(0,ar) c and y £ U \ U3. Note that since 
y ^ U3 it holds that |y| < &3ar. For ty € U2 it holds that > b2ar. Hence, similarly as 
above we get that (1 — ^)M < \w — y\ < (1 + jj^lH- Thus there exists C2 = C2{4>) > 
such that C2 1 j(\w\) < j(\w — y\) < C2j{\w\). In the same way as above, this implies that 

Ku 2 (x, 0) < Ku 2 (x,y) < C2Kjj 2 (x,0) < C2-fQy(x,0). Therefore 

<q x K V2 {x,Q) [ Ku(y,z)dy<l2 (3.16) 
JU\U 3 

<c 2 K U2 (x,Q)f K u (y,z)dy<c 2 K u (x,0)[ Ku(y,z)dy. (3.17) 

JU\Un JunB(0,ar) 



'U\U 3 JUnB(0,ar) 

In the case of I\ we only need an upper estimate. It holds that 



h= f Ku(y,z)F x (X TU £ dy) < I sup K v (y, z)) F x (x e B(0,b 2 ar)) . (3.18) 
Ju-i\u 2 \yeU 3 \U 2 J v 7 

By Lemma 13.31 (with p = 63a and q = 62a), there is a constant C3 = C3 (<?!>, a) > such that 

f sup Ku(y,z) ) < c 3 r~ d I [ K v (y, z) dy + 1 ) . 
V^ec/ 3 \c/2 / \Ju\u 3 / 

By Lemma 13.11 used with D = U 2 - b2ar instead of r and instead of a, there is a constant 
C4 = 04(0, o) > such that 

F x [x Tll2 G S(0,6 2 ar)) < c 4 r^ { / 2 (x,0) . 
By applying the last two estimates to (|3.18p we get 

h <c 5 K U2 (x,0) (I Ku(y,z)dy + l) . (3.19) 
\Ju\u 3 J 

Putting together (I3TT51) . (|57T7|> and (pTT9j) . we see that 



tftffo*) < c 6 K U2 (x,0)[ K u (y,z)dy + l\ (3.20) 



< c 6 Ku(x,0) I f Ku{y,z)dy + 1 

\JUnB(0,ar) y 
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Thus, the upper bound in f|3. 13j) holds true. 

In order to prove the lower bound, we may neglect I\. First we note that for z E B(0,r), 



< 



/ Ku(y,z)dy = / Ku(y,z)dy + / K v {y,z)dy 

JUnB(0,ar) JU\U 3 Ju 3 \U! 

< / K u (y,z)dy+i sup K v (y, z) } \U 3 \ U x \ 
Ju\u 3 \yeUs\U! J 

[ K u {y,z)dy + c 3 r- d l I K v (y , z) dy + l] c 7 r d 
Ju\u 3 \Ju\u 3 J 

< cA f K u (y,z)dy + l) . (3.21) 

\Ju\u 3 J 

Here we used Lemma [3.31 in the second inequality. Next, by using the already proved upper bound 
(|3,20p with z = 0, we see that 

K v (x,0) < c 6 K U2 (x,0) I f K u (y,0)dy + l) 

\Ju\u 3 J 

< ceK U2 (x,0)( [ K mL)c (y,0)dy + l) 

\JA(0,r,3r/2) ' 2> J 

< c 6 K U2 (x,0)l f c 9 r- d dr + l) < c 9 K U2 {x,0). (3.22) 

\JA(0,r,3r/2) J 

Here we have used Lemma 13.21 in the third inequality. The lower estimate now follows from (|3.14p , 
(13TT6]) . §M§ and (I3T22D . □ 

Proof of Theorem [TIT] Let x € UnB(0,ar) c . Then, by (I3TTT1) . 



u(x) = / Kjj{x, z)u{z) dz 
JB(0,r) 



Ku(x,0) / K u (y,z)dy + l)u(z)dz 

JB(0,r) \JUnB(0,ar) J 

Ku(x,0) / u(z)dz+ I I Ku(y,z)u(z)dz\ dy 

\JB(p,r) JUnB(0,ar) \J B(0,r) I 



K u (x,0)\ / u(z)dz+ / u(y)dy 

>B(0,r) JUnB(0,ar) . 



x Kjj(x,0) / u(z) dz , 
JB(0,ar) 

where in the second line we used Lemma 13.41 and in the first, fourth and last line we used the fact 
that u vanishes a.e. on B(0,r) c \ U. □ 
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Proof of Corollary 11.21 It follows from (fOj) that for x, y € U Ci B(0, ar) c , 

u{x) < CiKu{x,G) $ mar) u{z)dz = ^ 2 / B(0]ar) ufc) dz 
v(x) ~ C^Ku(x, 0) f mar) v{z) dz 1 / B(0)flr) v(z) dz ' 

Similarly, 

^ „ „ — ; — n ; — ; — : — — G-i 



v(y) C 1 K u (y,0)J mar) v{z)dz 1 f mar) v(z)dz' 
The last two displays show that f)1.5|) is true for x,y € U PI -6(0, ar) c with C2 = C^. □ 

Corollary 3.5 For every a > 1, i/iere exists c = c(d, 4>,a) > 1 suc/i f/wi 

(%) /or every r > 1, every open set U C B(0,r) c and every nonnegative function u on M. d which 
is regular harmonic in U and vanishes a.e on B(0,r) c \ U , 

u{x) < "CP) ? for allx,y eUnB{0,ar) c ; 



Ku(x,0) ~ Ku(y,0) 

(ii) for every r > 1 and every nonnegative function u on M. d which is regular harmonic in B(0, r) 

U ^ < c u( - y ] forallx,y£B(0,ar) c . 



Proof. The first claim is a direct consequence of Theorem 11.11 with c = Cf, while the second 
follows from the first and the fact that the zero boundary condition is vacuous. □ 

Lemma 3.6 For every a > 1, there exists c = c(d, (f>,a) > 1 such that for all r > 

c - 1 r ,i ^(r~ 2 )G(x, 0) < P*(7W.)e < 00) < cr d (j)(r- 2 )G(x, 0) , for all x G 5(0, ar) c . 
Proof. Let x € £>(0, ar) c . By the strong Markov property, 



/ G(x,y)dy = E x [ G(X y)dy, 



T B(0,r) c < 00 



(3.23) 



Since r 1— > g{r) is decreasing, [3J Lemma 5.53] shows that there exists a constant c = c(d) such that 
for every r > and all z G 5(0, r) we have 



c /_ g(\y\)dy< _ G(z,y)dy< _ g(\y\)dy. 

'B{0,r) JB(0,r) JB(0,r) 



Then it follows from (|333|) that for x G 5(0,ar) c , 



G(x,y)dy x / p(M)cZy Px(% 0r)c < 00) 

S(0,r) \JB(0,r) I 
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with a constant depending on d only. By the uniform Harnack inequality (Theorem \2.7\i , there 
exists C2 > 1 such that c^ 1 G(x,0) < G(x,y) < C2G(x,0) for every x E B(0,ar) c and y S B(0,r). 
Hence 

r d G(x, 0) x ^ jT ^ ^ 5(12/1) ^ P.C^jc < oo) , x G B(0, ar) c , (3.24) 

with a constant depending on d and a. It follows from (12 .9p and (|2.5h that 

5(12/1)^2/ x— 1^, (3.25) 

B(0,r) <?H r ) 

with a constant depending on d and a. Combining (|3.24p - (|3.25p we have proved the lemma □ 

Corollary 3.7 For every a > 1, there exists c = c((p, d,a) > 1 such that for all r > 1 it holds that 
c-V(r~ 2 )G(x, 0) < ^(o,r)c( x > 0) < c0(r~ 2 )G(x, 0) , x € B(0, ar) c , (3.26) 
and consequently 



lim if- 

|as|— >oo 



B(0,r 



)c (x,0) =0. 



Proof. Note that P s (r^ r ^ c < oo) = j B ^ Q r ^ K-g^ r y(x, z) dz. Further, for z G 5(0, r) and 
y € i?(0,r) c we have that \y — z\ < 2\y\ and hence j{\y — z\) > c\j{\y\) by (12.10p , Therefore, 



K B(0,r)°( x > Z ) > c l / G B(0,r)°( x >y)j(\y\) d y = c l K B(0,r)c( x >°) ■ 

K ' Jb{q,tY 

Using p.lip it follows that ^xir-g^y < oo) > c\ J B (p t1 .yKg^ r y(x,0)dz = c 2 r d K B ^ r y(x,0). On 
the other hand, from Lemma EH] with D = B(0, r) c , we see that P x (r^ r y < oo) < C2r d K- B -^ Q r y(x, 0). 
Thus 

F ^ T B(o, r y < °°) x rd %(o,r)c( x ' ) > » e 5(0,ar) c . 
Comparing with the result in Lemma [3.6l gives (|3.26p . The last statement follows from limi a .i_ >o0 G(x, 0) 
0. □ 

Corollary 3.8 Let r > 1 and U C B(0,r) c . If u is a non-negative function on M. d which is regular 
harmonic in U and vanishes a.e. on B(0,r) c \ U, then 

lim u{x) = . 

\x\— >oo 

Proof. Note that Ku(x, 0) < K-g^ r y{x, 0). It follows from Corollary 13.71 that 

\X\— >OD y ' ' 

Then the claim follows from Theorem 11.11 □ 
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Remark 3.9 (i) Corollary 13.81 is not true if regular harmonic is replaced by harmonic. Indeed, 
let V denote the renewal function of the ladder height process of the one-dimensional subordinate 
Brownian motion W (St). Then the function w(x) = w(x, x^) := V((xd) + ) is harmonic in the upper 
half-space EI C B((6, -1), l) c (see [11]), vanishes on B((&, -1), l) c \H, but clearly lim :rd ^ 00 w(x) = 
oo. 

(ii) When d = 1 < a, Corollary 13.81 is not true even for the symmetric a-stable process because the 
Green function of the complement of any bounded interval does not vanish at infinity, which can 
be seen using the Kelvin transform. 

4 The infinite part of the Martin boundary 

In this section we will consider a large class of unbounded open sets D and identify the infinite 
part of the Martin boundary of D without assuming that the finite part of the Martin boundary 
of D coincides with the Euclidean boundary. 

We first recall the definition of n- fatness at infinity from the introduction: Let k £ (0, 1/2]. An 
open set D in M. d is K-fat at infinity if there exists R > such that for every r € [R, oo) there exists 
A r G R d such that B(A r ,nr) C DnB(0,r) c and \A r \ < K~ x r. 

The origin does not play any special role in this definition: Suppose that D is /c-fat at infinity 
with characteristics (R, k) . For every Q G M d , define R Q := RV\Q\. For all r > R Q , with A r := A 2r 
and k := k/3, we have 

B(A r , Jer) C B(A 2r , 2nr) cDn 5(0, 2r) c cDn 5(0, r + \Q\) C C D n B(Q, rf 

and \A r - Q\ < \A 2r \ + \Q\ < (K/2) _1 r + r < (k^r. 

Remark 4.1 (i) Note that it follows from the definition that any open set which is K-fat at infinity 
is necessarily unbounded. 

(ii) Since B(A r , nr) C B(0,r) c we have that \A r \ — Kr > r implying (k + l)r < \A r \ < K~ 1 r. 

(iii) We further note that B(A r , (n/2)r) PI B(A( K / 2 -)-i r , r) = 0. Indeed, for any point x in the 
intersection we would have that \x\ < \A r \ + (re/2)r < (k^ 1 + n/2)r, and at the same time |x| > 
l J 4(K/2)- 1 rl — f > {k + l)(K/2) _1 r — Kr = (2k _1 + 2 — k)t. But this is impossible. 

In this section we first identify the infinite part of the Martin boundary of an open set DcR 1 * 
which is K-fat at infinity with characteristics (R, k) . Without loss of generality, we assume that 
R>1. 

Recall that, throughout the paper we assume that (HI) and (H2) are true and d > 2(S 2 V 64). 

Lemma 4.2 Let D C M d be an open set which is K-fat at infinity with characteristics (R, k). There 
exist c = c(d, (f>,n) > and 7 = j(d, (j), k) £ (0, d) such that for every r > R and any non-negative 
function h in W 1 which is harmonic in D n B(0,r) c it holds that 

h(A r ) < c(K/2)-^ k h{A {K/2) - kr ) , k = 0, 1, 2, . . . . (4.1) 
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Proof. Fix r > R. For n = 0, 1, 2, . . . , let rj n = («;/2)~ n r, A n = A Vn and B n = B(A n , ?? n -i) (where 
r/_i = (/c/2)r). Note that the balls B n are pairwise disjoint (cf. Remark 14.11 (hi))- By harmonicity 
of h, for every n = 0, 1, 2 . . . , 



n— 1 n—1 



MA n ) = E An [fe(X TflB )] > ^ E An [^(X TBn ) : X TSn E B,] = W K Bn (A n , z)h(z) dz . 



1=0 1=0 



By the uniform Harnack inequality, Theorem 12. 7[ there exists ci = ci (d, k,4>) > such that for 
every I = 0, 1, 2, . . . , > ci/i(^) for all z & Bi . Hence 

/ K Bn (A n ,z)h(z)dz>c 1 h(A l ) f K Bn (A n ,z)dz, < Z < - 1 . 

By (pJ5|) we have 

/ K Bn {A n ,z)dz>c 2 <t>{r ] - 2 )- 1 f j(\2(A n - z)\)dz, 0</<n-l. 

For z E Bi, I = 0, l,-- ,n-l, it holds that |z| < K~ 1 (fi:/2)^r + (k/2)~( z ~ 1 V = (re/2) _ V(K -1 + «;/2). 
Since \A n \ < K^ l r] n , we have that \A n — z\ < \A n \ + \z\ < 2K~ 1 r\ n . Together with Theorem 12.31 
and Lemma 12.11 this implies that j(\2(A n — z)\) > c^j{\r] n \) for every z € B\ and < I < n — 1. 
Therefore, 

/ ^ Bn (A n ,z)dz>C4j(l^!)0te 2 )" 1 |^| > c 5 rj- d V f = c 5 \ , 0</<n-l. 

Hence, 

n-1 

^(4 n ) > c 5 , for all n = 1, 2, ... . 

1=0 

Let a n := r) d h(A n ) so that a n > c 5 X^o 1 a '- Using the identity l+c 5 +c 5 X^i 2 (l+ C 5)' = (l+cs)™ -1 
for n > 3, by induction it follows that a n > cs(l + cs)™^ 1 ^. Let 7 := log(l + C5) /log(2/K) so 
that (l + cs)™ = (2/k) 7 ™. Note that C5 can be chosen arbitrarily close to zero (but positive), so 
that 7 < d. Thus, a < (1 + 05)05 1 (n/2)T n a n , or r^/i(A)) < (1 + c 5 )c 5 " 1 (K/2)'>' n ^/i(^ n ) . Hence, 
h(A r ) < (1 + c 5 )c 5 - 1 ( K /2)^(K/2)-^/ l (A (K/2) -„ r ) . □ 



Lemma 4.3 Let D C M. d be an open set which is K-fat at infinity with characteristics (R, k). There 
exists c = c(d, <fi, k) > such that for every r > R and every non-negative function h on M. d which 
is regular harmonic in D n -B(0, (k/2 + l)r) c , it holds that 

h(A r ) > cr~ d [ h(z)dz. 

J B{0,r) 
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Proof. Since h is regular harmonic in D n B(0, (re/2 + l)r) c and B(A, f)cDfl B(0, (re/2 + l)r) c , 
we have 



h(A r ) = E Ar h(X T 



T B(A r ,?£)- 



'B(0,r) 



(4.2) 



By ([2TT5j) we have 



K B{Ar ^ ) {A r ,z)>c l j{\2{A r -z)\)4>[ ( — 



z G 5(0, r) 



(4.3) 



Since for z G 5(0, r) we have that |A- - z| < (re -1 + l)r, by (|2.10p we have j(\2(A r - z)\) > c 2 j(r) 
for some constant C2 = C2(4>, re) > 0. Hence, combining (|4.2p - ([4.3p and applying Lemma [27T1 we get 

h(A r )> [ j(r)(P(r- 2 )- 1 h(z)dz >c 3 r- d [ h(z) dz 
JB(Q,r) JB(0,r) 



which finishes the proof. 



□ 



Corollary 4.4 Let D C M, d be an open set which is K-fat at infinity with characteristics (5, re). 
There exists c = c(d, </>, re) > such that for every r > R with D n 5(0, r) ^ and every w G 
D n B(0, r) it holds that 

G D (A r ,w)>cr- d I G D (z,w)dz. (4.4) 

JB(0,r) 

Proof. Let h(-) := Gd(-,w). Then h is regular harmonic in D D 5(0, (re/2 + l)r) c so the claim 
follows from Lemma 14.31 □ 



Lemma 4.5 Let D C M. d be an open set which is K-fat at infinity with characteristics (i?, re). For 
r > and n = 0,1,2,..., let B n {r) = 5(0, (re/2) _ri r). There exist c\ = c\(d, (f>, re) > and 
C2 = C2(d, (j), re) G (0, 1) such that for any r > R and any non-negative function h which is regular 
harmonic in D n -6(0, r) c and vanishes in D c n 5(0, r) c we /tawe 



Ex 



h(X, 



DnB„(r) L 



DnBn(r) 



€.8(0, r) <cic%h(x), x € D (1 B n (r) , n = 0, 1, 2, . . . (4.5) 



Proof. We fix r > i?. For n = 0, 1, 2, ... , let B n = B n (r), B n = B n (r) and r/„ = (re/2)" n r, and 
define 



G Bn 



, x G D n B n . 



/i n (x) := E x . [/i(X Ton _ 
Then for x G 5 n 5^ +1 we have 

h n+1 (x) = E x h(X Ton - c ) : T DnW = t d ^X Tdc _ c g B < h n (x) . 
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Let A n = A v . Then 



h n {A n ) =E Ari 



h(X T 



: X T 



h(X T c ) : X T c € i?o 



So 



-fT-gc (^4 n , z)h(z) dz 



By Lemma l3.2( there exists c\ = ci(<j), k) > such that 

i^c (A n , Z ) < Cl (\A n - z\- d {4>(Vn 2 r 1,2 4>({rin - M)- 2 ) 1/2 ) + Vn d ) ■ 

For z Bq and n > 1 we have that |A„ — z| x r/ n and ry n — \z\ x thus 

K w (An, z) < c 2 rj- d = c 2 (K/2) nd r- d , z € B , n = 1, 2, 3 . . . . 

Therefore, by Lemma 14.31 in the second inequality below and Lemma 14.21 in the third, we get that 
for n = 1, 2, 3 ... , 

MAO < c 2 ( K /2) nd r- d [ h(z) dz < c 3 ( K /2) nd h(A ) < c 4 ( K /2y n h(A n ) , 

J B 

where 7 € (0, d) is the constant from Lemma 14.21 Now note that both /i n _i and h are regular 
harmonic in D H B n _i and vanish on B^ l _ 1 H -D c = \ Dfl B° n _ l . Hence, 

"T7 \~ < , / v < c 5 — T71 — <c 5 C 2 k/2) 7 , xeDHB n n = 2,3,4..., 

where the second inequality follows from Corollary 11.21 The cases n = and n = 1 are clear by the 
harmonicity of /i. □ 



Corollary 4.6 Let L> C R d be an open set which is K-fat at infinity with characteristics (R, n) . 
For r > and n = 0, 1, 2, ... , let B n (r) = B(0, (n/2)~ n r). There exist c\ = c\(d, 4>,k) > and 
c 2 = c 2 (d, (j), k) G (0, 1) suc/i f/iai /or any r > R with D n 5(0, r) 7^ 0, any it) € D n -8(0, r) and 
n >0, we have 



E* 



c ,u;):X T t eB(0,r) < cic 2 G D (x, w) , x <E D (~) B n {r > 



The following lemma is an analog of [2, Lemma 16] for infinity. The proof is essentially the 
same - instead of using the balls that shrink to a finite boundary point, we use concentric balls 
with larger and larger radius (so they "shrink at infinity"). Lemmas 13 and 14 from [2] are replaced 
by our Corollary 11.21 and Lemma 14.51 respectively. Below we only indicate essential changes in the 
proof and refer the reader to the proof of [21 Lemma 16]. 

Lemma 4.7 Let D C M. d be an open set which is K-fat at infinity with characteristics (R,n). 
There exist c = c(d, 4>,k) > and v = v(d, <f>,K) > such that for any r > R and all non-negative 
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functions u and v on M. d which are regular harmonic in D n -B(0, r/2) c , vanish in D c n £>(0, r/2) c 
and satisfy u(A r ) = v(A r ), there exists the limit 

u(x) 



I(u,v) 



lira 



\x\^oo,xeD v(x) ' 



and we have 



u(x) 



v(x) 



I(u,v) 



<c| J-i 

r 



x G DnB(0,r)' 



(4.6) 



Proof. Let r > i? be fixed. Without loss of generality assume that u(A r ) = v(A r ) = 1. Let 
no(d, 0) G N to be chosen later, and let a = {k/2)~ uo . For n = 0, 1, 2, . . . , define 

r n = a n r, £ c „ = 5(0, r n ) c , D c n = D HB c n , U n = D c n \D c n+1 , = B(0,r) . 

For / = -1,0, 1, ... ,n - 1 let 



E, 



u{X ) : X G II* 
t;(X T _ c ) : X Tj _ c G n ; 



x G 



x G 



(4.7) 
(4.8) 



u l n {x) :-- 
v l n (x) := E x 
Note that since 11; C 5(0, r/ + i), it holds that 

u l n (x) < E x \u(X ) : X G B(0,r l+1 ] 

n n 

Denote the constants c\ and C2 in Lemma 14.51 by C and £ respectively. Apply Lemma 14.51 with 
f = n+1 . Then r n = (K/2)" non r = hence for n = 0, 1, 2, . . . and x G D° n , 

u l n {x) < C{e { T~ l ~ l <x) , I = -1, 0, 1, . . . , n - 2 . 

Choose n large enough so that (1 -f*)" 1 < 2. Then since E^-iCrT"'" 1 = En=o(£ n °) n < 
^no(! _ ^o)-i < 2^«o ) we have that for n = 1, 2, . . . and x G D° n , 

n-2 

^nL(x)<2Ce"M^)- 
/=-i 

For any e G (0, 1), we can redefine no(e, d, 4>) so that for n = 1, 2, . . . , / = —1,0, 1, . . . , n — 2, 

By symmetry we can also achieve that for n = 1, 2, . . . , I = —1, 0, 1, . . . , n — 2, 

Now we claim that there exist constants c\ = ci(d,(p,K) > and £ = C{d,<j),K) G (0,1) such 
that for all / = 0, 1, 



/, j., . . . , 



sup < (1 + ciC mf -t-( • 

From now on the proof is essentially the same as the proof of [2j Lemma 16], hence we omit it. □ 
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Remark 4.8 (i) Assume that u and v are nonnegative functions on M. d which are regular harmonic 
in D n -B(0, r/2) c and vanish in D c n B(0,r /2) c . Define u r and v r by 



u r (x) :- 



u(x) 
u(A r ) 



v r (x) :-- 



v(x) 



Then u r and v r satisfy assumptions of Lemma 14.71 m particular u r (A r ) = v r (A r ). Hence, there 

exists the limit _ 

u r (x) 



I(u r ,v r ) 



lim 



\x\-+oc,xeD v r {x) 
Therefore we can conclude that there exists the limit 

rf A \ v U ( X ) U ( A r) 

I(u,v,A r ) = hm — — = 

\x\^oo,x£D V{X) V{A r ) 



I(u r ,v r ) . 



Suppose that p > R is another radius such that u and v are regular harmonic in D n B(0,p/2) c 
and vanish in D c n B(0,p/2) c . Then the same argument using A p instead of A r would give that 
there exists the limit 



I(u,v,A p ) 



u{x) _ u(A p ) 

\x\-*oo^x£D v(x) v(A p ) 



lim 



I(up,v p ) 



This shows that the limit is independent of the point A r . 

(ii) It easily follows from (|4.6j) that there exist c = c(d, 4>,k) > and v = v(d, 4>,k) > such 
that for any r > R, 



u(x) u(y) 



v(x) v(y) 



< c 



x-y 



Vi,t/GDnB(0,r) 



for all non-negative functions u and v on M. d which are regular harmonic in DP B(0,r /2) c , vanish 
in D c n £(0,r/2) c and satisfy u{A r ) = v{A r ). 



From now on D will be an open set which is K-fat at infinity with characteristics (R, k) . Fix 
x £ DC) B(0, R) c and recall that 

M D (x,y) = ^ X,V \ , x,yeDnB(0,R) c . 

For r > (2\x\ V R), both functions y i-> Gd{x,v) and y i— )• Go(xo,y) are regular harmonic in 
D n -6(0, r/2) c and vanish on D c n S(0, r/2) c . Hence, as an immediate consequence of Lemma 14.71 
and Remark 14.81 (i) we get the following theorem. 

Theorem 4.9 For each x S D there exists the limit 

Mj)(x, oo) := lim Mr>{x,y) . 
y£D, \y\— >oo 
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Recall that X is the process X killed upon exiting D. As the process X satisfies Hypothesis 
(B) in |16j . D has a Martin boundary 8m D with respect to X satisfying the following properties: 

(Ml) D U &m D is a compact metric space (with the metric denoted by d); 

(M2) D is open and dense in D U 8mD, and its relative topology coincides with its original 
topology; 

(M3) Md{x, • ) can be uniquely extended to 8m D in such a way that 

(a) Md(x,u) converges to Mjj(x,w) as y — > w G 8mD in the Martin topology, 

(b) for each wGDU 8m D the function x — > Md(x, w) is excessive with respect to X D , 

(c) the function (x,uu) — > Md(x,uu) is jointly continuous on D x (D U 8mD) in the Martin 
topology and 

(d) M D (-,wi) ^ M D (-,W2) if wi ^ w 2 and wi,w 2 G 8m D. 

In the remainder of the paper whenever we speak of a bounded or an unbounded sequence of 
points we always mean in the Euclidean metric (and not in the Martin metric d). 

Definition 4.10 A point uu G 8m D is called a finite Martin boundary point if there exists a bounded 
sequence (y n )n>i, Un £ D, converging to w in the Martin topology. A point w G Dm D is called an 
infinite Martin boundary point if every sequence (y n )n>i, Un G D, converging to w in the Martin 
topology is unbounded. The set of finite Martin boundary points is denoted by d^D, and the set of 
infinite Martin boundary points by d^D. 

Remark 4.11 Suppose that w G 8* M D and let (y n )n>i C D be a bounded sequence converging 
to w in the Martin topology. Then (y„) n >i has a subsequence (y nk )k>i converging to a point y 
in the Euclidean topology. It cannot happen that y G D, because in this case we would have 
that limy Md(x, y nk ) = Mo(x,y) implying by (M3)(d) that y = w. Therefore, y G 8D - the 
Euclidean boundary of D. In particular, this shows that for every e > 0, the sequence (y n )n>i 
(converging to w G 8* M D in the Martin topology) can be chosen so that <5o(yn) < e for all n > 1. 

Proposition 4.12 Let D be an open set which is K-fat at infinity. Then d^D consists of exactly 
one point. 

Proof. Let w G d^D and let Mr>(-,w) be the corresponding Martin kernel. If the sequence 
{Vn)n>i G D converges to w in the Martin topology, then, by (M3)(a), Mjj(x,y n ) converge to 
Md(x,w). On the other hand, \y n \ — > oo, thus by Theorem 14.91 

lim M D (x,y n ) = lim M D (x,y n ) = M D {x,oo). 

«->°o \y n \->°o 
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Hence, for each w E d^D it holds that Mjj(-,w) = Md(-,oo). Since, by (M3)(d), for two different 
Martin boundary points and it always holds that Md(-,uM^) ^ Md(-,w^), we conclude 
that the infinite part of the Martin boundary can be identified with the single point. □ 

From now on we use the notation d^D = {<9oo} and, for simplicity, we sometimes continue to 
write Md(x, oo) for the more precise Md(x, doo)- 

We now briefly discuss some properties of the finite part of the Martin boundary. Recall that 
d denotes the Martin metric. For e > let 

K e := {w £ 8 f M D : d(w, 8^) > e} (4.9) 

be a closed subset of OmD. By the definition of the finite part of the Martin boundary, for each 
w € K e there exists a bounded sequence (y,^) n >i C D such that lim^^oo d(y™ , w) = 0. Without 
loss of generality we may assume that d(y™,w) < | for all n > 1. 

Lemma 4.13 There exists C3 = C^{e) > such that \y™\ < C3 for all w € K e and all n > 1. 

Proof. We first claim that for any sequence {y n )n>i of points in D, if \y n \ — > 00, then \\m. n ^oo d(y n ,d OQ ) = 
0, i.e., (y n )n>i converges to doo in the Martin topology. Indeed, since DuOmD is a compact metric 
space, (y n ) has a convergent subsequence (y nk )- Let w = limfc_ > . 00 y nfe (in the Martin topology). 
Then limfc_ i . 00 Mjj(-, y nk ) = Md(-,w). On the other hand, from Theorem 14.91 and Proposition 14.121 
we see that lim^oo M D (-, y nk ) = M D (-,oo) = M D (-,5 00 ). Therefore, M D (-,w) = Md(-, <9oo), which 
implies that w = doo by (M3)(d). Since this argument also holds for any subsequence of (y n )n>i, 
we conclude that y n — > doo in the Martin topology. 

Now suppose the lemma is not true. Then {y™ : w G X £ ,n e N} contains a sequence (yn k )k>i 
such that limfc^oo \y™ k \ = 00. By the paragraph above, we have that lim/ c _ il00 d(y™£, doo) = 0. On 
the other hand, 

«*, doo) > d(w k , 3oo) - d(y^,w k ) >e- e - = ~. 
This contradiction proves the claim. □ 

Recall that an open set D is called an exterior open set if D c is compact. 

Corollary 4.14 If D is an exterior open set, then doo is an isolated point of &mD- Conversely, 
if D is open and K-fat at infinity, and doo is an isolated point of d^D, then D is an exterior open 
set. 

Proof. Suppose that D is an exterior open set. Then D is K-fat at infinity, hence 8mD = 
d M D U {doo}- Since D c is compact we see that the Euclidean boundary dD is bounded. We show 
that d M D is closed in the Martin topology. This will imply that {doo} is open in Sa/D, hence 
isolated. Let (w n ) n >i be a sequence in d M D which converges to w € d]\jD in the Martin topology. 
For each n > 1, there exists a bounded sequence (yT n )k>i such that y^ n — > w n in the Martin 
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topology. By Remark [4.11l we can assume that SniyT") = ^dD(y^ n ) < 1 for all n > 1, k > 1. Since 
dD is compact, the family {y^ n : n > 1, k > 1} is bounded. Further, because linin^oo d(w n ,w) = 
and lim^oo d(y^ n , w n ) = 0, we can find a sequence (yk)k>i C {y^" ■ n > l,k > 1} such that 
limfc^oo <i(yfc, = 0. Clearly, the sequence (yk)k>i is bounded proving that w € d^jD. 

Conversely, assume that is an isolated point of OmD. Then there exists e > such that 
K e = {w G : d(w, doo) > e} = d^D. Suppose that I? is not an exterior open set. Then both 

D and D c are unbounded, and therefore dD is unbounded as well. Hence, there exists z G 3D 
such that \z\ > 3C3 where C3 = Ca(e) is the constant from Lemma 14.131 We can find a sequence 
(•2 n )n>i C D such that z n — > 2 (in the Euclidean topology) and 2C3 < |z n [ for all n > 1. Since 
-D U 8m D is compact, there exist a subsequence (^n fe )fc>l an d w £ D U &m D such that z Uk — > w 
in the Martin topology. Clearly, w G 8mD, and since (z nfc ) is bounded, actually w G d* M D. By 
Lemma[4T3l it holds that \z nk \ < C3 (for those z nk for which d(z nk ,w) < e/2). But this contradicts 
that \z nk \ > 2C 3 . □ 

We continue by showing that Md(-,9 00 ) is harmonic in D with respect to X. 

Lemma 4.15 For every bounded open U C U C D and every x G D, Md(X Tu , 8^) is ¥ x - 
integrable. 

Proof. Let (y m )m>i be a sequence in D \ U such that \y m \ —> 00. Then Mrj(-,y m ) is regular 
harmonic in U. Hence, by Fatou's lemma, 

E x [M D {X TU ,d 00 )} = E x [ lim M D {X TU ,y m )} < liminf E a: [M D (X nr , y m )\ 

m— >oo " m-+oo 

= liminf M D (x,y m ) = M D {x,d 0Q ) < 00. 
m— >oc 

□ 



Lemma 4.16 For each x £ D and p G (0, ^5d{x)], 

M D (x, cU = E x [M D (X TB(x p) , doo)} ■ 

Proof. Fix x G D and p G (0, hS]j(x)]. For m G N, let r] m := (K,/2)~ m p. Let m G N be large 
enough so that 77^ > (2\x\ + 2p) V R. In case m > m, let A m := ^4n m . Then for m > m, Md(-, A m ) 
is regular harmonic in D \ B(A m , Kf] m ) and B(x,p) C D\B(A 

mi K Vm)i hence 

M D (x, A m ) = E x [M D {X TB{x p) ,A m )] , m > m. (4.10) 

From now on we assume that m>fh. To prove the statement of the lemma it suffices to show that 
there exists m\ G N, m\ > rh, such that the family ^Md(X Tb(x p) , A m ) : m > mi| is uniformly 
integrable with respect to ¥ x . This will allow us to exchange the order of the expectation and the 
limit when we take the limit m — > 00 in (|4,10p . thus proving the statement. 
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Choose fh even larger so that (K,/2)~ m p > 2|xo|, and let m > m. Let uieDn B(0,r] m ). Then 
Gd(w, •) is regular harmonic in D n B(0,7] m ) c and vanishes on D c n B(0,r] m ) c . The same is valid 
for Gd(xo, •)• Since A m G D(lfi(0, (k + l)r/ m ) c , Corollary [T2l implies that for w G D n B(0,rj m ), 

M D (w,A m ) = ^ W,A A m \ < C 2 ^ W ' V \ = C 2 M D (w,y) , for all y G DnB(0, (« + l) Vm ) c . 
G D (x ,A m ) G D (x Q ,y) 

(4.11) 

Hence, by letting \y\ — > oo, 

M D (w,A m )<C 2 M D (w,d 00 ), m>m. (4.12) 
Let e > be arbitrary. By Lemma 14.151 and (|4.12p , there exists Nq > such that 
E x [M D (X TB(xp) ,A m ) : X TB{xp) G D n B(0, Vm ),M D (X TB(x p) ,A m ) > N ] 

< C^iMniX^^d^) : C 2 M D (X TB(Xtp) ,d 00 ) > N ] < C 2 ^- = | . (4.13) 

On the other hand, 

E x [M D (X rs( ^ p) ,A m ) : X TB(Birt 6flflB(0 )f)m ) c ] 
M D (v,A m )K B ( x ^)(x,v)dv 

DnB(o, Vm ) c 

2\-l 



< ci / M D (^,A m )j(|«-a;[ -/j)^^)- 1 ^, (4.14) 

JDnB(0,r; m ) c 

where the last inequality follows from the uniform upper estimate of the Poisson kernel in (|2.14p . 
Choose m,Q > m large enough such that for m > mo and t> G Dri-B(0, rj m ) c it holds that — x\ — p > 
|f|/2. Then j(|u — x| — r) < j(\v\/2) < c 2 j(\v\) by (|2.10p . Hence, by treating (/>(p~ 2 ) -1 as a constant 
(depending on p, but note that p is fixed) , we get that 



E x [M D (X TB{xp) ,A m ) : X TBM €DHB(0, n 



mi ] 



< c 3 / _ MD(u,4 m )i(|u|)du 
■7 J DnB(o,» ?m ) c 



= c 3 G D (x , A m ) I _ G D (v,A m )j(\v\)dv , m > m . (4.15) 

By Lemma 14.21 (applied to r = r] mo ) we have that 

G D (x ,A m )- 1 < Ci (K/2)(- d+ ^ m - m ^G D (x ,A mo )-\ m>m , (4.16) 
where 7 G (0, d). Now we estimate the integral in (|4.15p : 
G D (v,A m )j(\v\)dv 

DnB(0,r; m ) c 



< / G(v,A m )j(\v\)dv + / _ G D (v,A m )j(\v\)dv 

J DnB(A m ,(K+l/2)Vm) J DnB(A m ,(K+l/2)r lm ) c nB(0,r l m) c 

=■■ h + h. 
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To estimate I\, note that if v 6 B(A m , (k + l/2)r? m ), then \v\ > \A m \ — \v — A m \ > (k + l)rj m — 
(« + 1/2)77™ = (l/2)r? m = (1/2)(k/2)->, hence j(|u|) < C5j((«/2)-» by <£M- Therefore, by 
Theorem O and ([2TB1 . 

l! < c 6 i((K/2)- m p) / I ^T7^ 1-1=2^^ 

JB(A m ,( K /2+l)^ m ) \v- A m \ d 4){\v - A m \ 2 ) 

m 1 

< c 7 j(( K /2)- m p) I TJT^ds 







S(p{S 
m „\-2\-l 



< c 8 j((/,/2)- m p)0((( K /2)- m p)^)- i < c 9 (( K /2)-'»- d . 

In order to estimate I2, let t> € D n B(A m , (k + l/2)r/ m ) c n B(0,r] m ) c . If |u| > « (1 — k)^ 1 ^, 
then |t> — 4 m j > [v[ — |A m | > If r/ m < [v| < — K) _1 ri m , then |v — A m | > (k + l/2)r] m > 

n(l — k)(k + 1/2)\v\. Thus, in any case, Gd(v, A m ) < g(\v — A m \) < ciog(\v\) by (13. ip . Therefore, 
by Theorem I2.3[ 



/ _ g(\v\)j(\v\)dv 



h < cio 

'DnB(A m ,(K+l/2)r) m ) c nB(0,r) m ) 

< do / g(\v\)j(\v\) dv < c u [ °J TI ds = c 12V ~ d = ci 2 ((^/2)- m p)~ d 



.s 



Hence, 

G D (v,A m )j(\v\)dv <c 13 ((K/2)' m P r d , m>m . (4.17) 



/ 



'DnB(0, Vm ) c 

By combining (14. 14H — (j4.17j) we get that 

E x [M D (X TB(xp) ,A m ) : X TflM eDnS(O ll]ro r] 

< c 14 ( K /2)(- d+ ^( m - mo )G D ( 2 ;o,A mo )- 1 ((K/2)- m p)- d 

< c 15 G D (x ,A mo )-\K/2) dm °(K/2)^ m - m °\ (4.18) 

where in the last line we treat p as a constant. Since 7 > 0, we can choose mi = mi(e, mo, d, 0, p) > 
mo large enough so that the right-hand side in (14.18P is less than e/2 for all m > mi. 
Finally, for m > m-i we have 

E x [M D (X TB ^ py A m ) : M D (X rB(xp) ,A m ) > JV ] 

< E x [M D (X TBM ,A m ) : X rs(;cip) eDnI(0*) e ] 

+ E x [M D (X TB(xpV A m ) : X rs( ^ p) 6J)nfl(0,g,M I ,(^ M) A Il ) > #o] 

e e 

< - + - = e. 
~ 2 2 

Hence ^Mjj(X Tg ^ m p) ,A m ) : m > mi| is uniformly integrable with respect to ¥ x . □ 



Theorem 4.17 The function M/)(-,(9 00 ) is harmonic in D with respect to X. 
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Proof. The proof of the theorem is exactly the same as that of \12\ Theorem 3.9]. 



□ 



Let x £ D and choose r > (2\x\ V |xo|). By Corollary 11.21 we have that for all y E D n B(0, r) 



Gd(x,v) . „ G D (x,A r ) 

S (-72 



G D (x ,y) 



By letting |y| — >• oo we get that 



M D (x,5oo) < C 2 



G D (x,A r ) 



'G D (x ,A r ) ' 

Suppose that z € dD is a regular boundary point. Then \\m x ^ z Gd(x, A r ) = implying also that 
lim Md(x, doo) = , for every regular boundary point z £ dD. (4-19) 

x— >z 

Lemma 4.18 Suppose that u is a bounded nonnegative harmonic function for X D . If there exists 
a polar set N C dD such that for any z € dD \ N 



lim u(x) 







and 



then u is identically equal to zero. 



lim u(x) = , 

xdD,\x\— >oo 



Proof. Take an increasing sequence of bounded open sets {D n } n >i satisfying D n C D n+ i and 
U^ =1 D n = D. Then ]hn n -+ oa TD n = tjj and by the quasi-left continuity, linin^oo X TD = X TD if 
td < oo, and lim^oo \X TD \ = oo if tjj = oo. 

Since TV" is polar, we have ¥ X (X TD € N,td < oo) = 0, x G D. By harmonicity we have for every 
x 6 D and all n > 1 

u(x) = E x [u(X TD J] 

= E x [u(X TDn ),T D = oo]+E x [u(X TDn ),T Dm = t d for some m > l] 
+E X [n(X TDn ),TD m < < oo for all m > l] . 



lim u(X T ),t d = oo 

Ln— >oo n 



By using bounded convergence theorem we get that 

lim E x [u(X T ),t d = oo] = E. 
since |X TD | — > oo on {t£> = oo}. Next, since u = on D c , 

lim E x |"u(X T ),Td = td for some m > 1 



E, 



lim u(X Tn ),Tn = td for some m > 1 

n->oo n 



E x [u(X TD ), TD m = td for some m > 1] = . 
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Finally, if t o m < T D < 00 j then lim n _ > . 00 X TDn GdD\N Pa.-a.s- Hence 
lim Eje |u(X TD ), rn < td < 00 for all m > ll 



E~ 



lim u(X T£ , n )l {x e aD\Ar},To m < T D < 00 for all m > 1 



0. 



Therefore, u(x) = for every x & D. □ 

Recall that a positive harmonic function / for X D is minimal if, whenever g is a positive 
harmonic function for X D with g < f on D, one must have / = eg for some constant c. 

Proof of Theorem 11.41 It remains to show that doo is a minimal boundary point, i.e., that 
Md(")$oo) is a minimal harmonic function. 

Let li be a positive harmonic function for X D such that /i < M£>(-,9 00 ). By the Martin 
representation in [TE], there is a measure on 8m D = d* M D U {<9oo} such that 



h(x) = / M D (x,w) fi(dw) = / M D (x,w)n(dw) + M D (x, 5 00 )/i({(9 00 }) . 

In particular, /i(xo) = ^{8mD) < M(xo,<9oo) = 1 (because of the normalization at xq). Hence, fj, is 
a sub-probability measure. 

For e > 0, K € is the compact subset of &m D defined in (|4.9p . Define 



u(aj) := / Md(x,w) n(dw). 

Then u is a positive harmonic function with respect to X D and bounded above as 

u(x)=h(x)-/i({oo})M D (x,d 00 ) < (1 -//({c»})) MbCx^oo). (4.20) 

We claim that lim| x |->-co u{x) = 0. By Lemma 14.131 there exists C3 = C%(e) > such that for each 
w € K e there exists a sequence (y™) n >i C -D converging to u; in the Martin topology and satisfying 
|2/n I — ^3- Without loss of generality we may assume that C3 > R. Fix a point xi S D(lB(0, 2C^) C 
and choose an arbitrary point yo £ D C) B(0,Cs). Then for any x € D D B({) } 2C^) C and any 
y € DCl B(0, C 3 ) we have that 

G D (x,y) G D (x,y) G D {x u y) G D (x,y ) G D (x±,y) G(x,y ) G D (x 1 ,y) 

— c l — 7 \ "Fi — 7 \ — c l " 



G D (x ,y) G D (xi,y) G D (x ,y) G D (xi,yo) G D (xo,y) G D (xi,yo) G D {xQ,yY 

where the first inequality follows from the boundary Harnack principle, Theorem 12.81 Therefore 
for each w £ K e we have 

m( \ v Gd(x^) G(x,y ) G D (x lt y%) 
Md{x,w) = hm — — < ci— — -, r hm 



n-+oo G D (x ,y%) G D (xx,y ) G D (x , y%) 

G(x,y ) , . G(x,y ) 

ci— — r M D (xi,w) < ci—— r sup M D (xi,w) = c 2 G(x,y ) 

GD{xi,yo) G D (xi,y ) weK , 
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by continuity of the Martin kernel (M3)(c). Now we let |x| — > oo and use that G(x,yo) — > to 
conclude that lim^i^^ xGD Mr>(x, w) = uniformly for w € K t . By Theorem 14.91 this and (|4.20p 
immediately imply that limM..^ u(x) = 0. 

From (|4.19p we see that lim^-^ u(x) = for every regular z £ dD. Since the set of irregular 
boundary points is polar (cf. pQ (VI. 4. 6), (VIA 10)]), Lemma 14. 181 implies that u = 0. This means 
that v = [i\ Kc = 0. Since e > was arbitrary and d M D = U e> oK e , we see that /i.^/ D = 0. Hence 
h = /i({9 QO })M(-, doe) showing that M(-,9 00 ) is minimal. Therefore we have proved Theorem 11.41 
□ 

At the end we briefly discuss the Martin boundary of the half-space M = {x = (x, Xd) '■ x G 
> 0}. Let V(r) be the renewal function of the ladder height process of one-dimensional 
subordinate Brownian motion = W d (St). It is known that the function w{x) := V{(xd) + ) is 
harmonic in H with respect to X (see |llj). Moreover, for every z € dW := {x = (x,Xd) ■ x € 
M d ~ 1 ,x,i = 0} it holds that lim x ^ z w(x) = 0. Therefore we can conclude that w is proportional 
to the minimal harmonic function Me(-,oo). In the next corollary we compute the full Martin 
boundary of H. 

Corollary 4.19 The Martin boundary and the minimal Martin boundary of the half space M with 
respect to X can be identified with dW U {oo} and Mi(s, oo) = w{x) /w{xq) for x € H. 

Proof. By Theorem 11.41 and the argument before the statement of this corollary, we only need to 
show that the finite part c^H of the Martin boundary of EI can be identified with the Euclidean 
boundary dW and that all points are minimal. This was shown in \12\ Theorem 3.13] under the 
assumption that <fi is comparable to the regularly varying function at infinity. Even though this 
assumption is stronger than (HI), using results in this paper and [15] (instead of using properties 
of regularly varying function) one can follow the same proof line by line and show that under the 
assumption (HI) and d > 2^2, the finite part of Martin boundary d^ M EI can be identified with the 
Euclidean boundary cffl and that all points are minimal. We omit the details. □ 
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